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ABSTRACT: We discuss a class of Fermi Liquid Operators in N' = 4 SYM. We show that
these operators are eigenstates of the full quantum dilatation operator. We compute their
1 and 2 loop anomalous dimensions, and show that, similar to Fermi liquids in condensed
matter systems, these corrections are suppressed by an arbitrarily small parameter, which
is the equivalent of one over the Fermi energy. These operators are, at the classical level,

descendants of 1/16 BPS operators, with some scaling properties similar to those of the
1/16 Black Holes in AdSs.
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1. Introduction

In recent years we have witnessed considerable progress in understanding N' = 4 SYM
away from the safe shores of the (chiral) BPS spectrum. An important trigger to this
progress was the development of tools for perturbative calculations on both sides of the
AdS/CFT duality []-f]. On the CFT side spin chains [, f], integrability [{, i and
unitarity techniques [f§] made exact results, to all orders in perturbation theory, possible,
such as the BES and FRS equations [[J, [(] and BDS n = 4,5 amplitudes [[I]. In the
AdS side the BMN limit [[3, [J, semiclassical quantization of rotating superstrings [[[4],
integrability of the string worldsheet [[[5, [§] and semiclassical solution of strings stretching
to the boundary [[[7] permit the quantitative understanding of similar results at strong
coupling. In this paper we suggest that Fermi liquid like operators might be a new avenue
where weak and strong coupling results can be compared (and in particular, in the context
of low SUSY black holes).



A key characteristic of the recent tools mentioned above is a proximity to unitarity
bounds which reduces the complexity of the calculation. For example the su(2) spin chain
captures the excitations of the theory near a 1/2-BPS unitarity bound

Alizd—%m—p—gthzo, Azizd—gch—p—%%zoy
where d is the dimension of the state, (¢1,p, ¢2) are SU(4) charges (using Dynkin labels)
and the angular moneta is set to zero. The ground state of the spin chain has ¢; = g2 = 0,
d = p and saturates both bounds. The possible excitation of this spin chain at weak cou-
pling (below an integer gap in dimension) are made out of a complex scalar with weight
(q1,p,q2) = (1,—1,1). In perturbation theory states in the su(2) spin chain can only mix
within themselves since the quantities A, Ay are continuous in gyy. The reduced complex-
ity is present also in the AdS side where the corresponding states come from quantization
near a string with angular momentum in the S® (for p scaling as v/ N this is the BMN limit).

The spin chain techniques, and related ones, have proven to be of great use in the BPS
sector or close to it. As one reduces the amount of supersymmetry, the level of complexity
increases up to the full non-SUSY case, where few precise quantitative matches exist. In
particular, the natural intermediate stage of the 1/16-BPS spectrum, and the sector of
states near the corresponding unitarity bounds, is still out of our reach. For example, we
possess some knowledge of the sector in the free N' = 4 theory [[[§ and in the classical
gravity [[[9) limits, however the interpolation between these limits has seen little progress
(see [2Q—PJ] for recent discussions).

1/16 black holes. The problem of the 1/16 operators is particularly interesting since in
the bulk these are identified as black holes [[9]. This in contrast to operators with higher
SUSY, of which they are not enough to form a black hole. This is an indication that these
black holes, although SUSY, are sensitive to the full N2 degrees of freedom of N' =4 SYM
and can be a useful intermediate stage to the understanding of the more generic states of
N =4 SYM. Furthermore, one can argue that similar black holes in AdSy are sensitive to
the (in)famous N3/2 degrees of freedom in this field.

Fermi-sea model of the 1/16 black holes. In [R(] we pointed out that Fermi-sea
operators in N’ = 4 SYM may play a key role in the construction of 1/16-BPS states in the
interacting theory. The smoking gun is a scaling between charge and angular momentum
found in the black-holes solutions (where (q1,p,g2) = (0,0, q))

. 2 . . .
]R/NQO((Q/NQ) if jrp=74r qg> N?
jr/N?  (¢/N?)*? if jp =0 q>> N2, (1.1)

These relation are typical to Fermi-sea models where each fermion carries charge ¢ = 1
and the levels are graded by the angular momentum jg. Filling the levels up to some
Fermi-level K we find a relation

(jr/N?) o< (g/N?)m D/, (1.2)



with m is the dimensionality of the Fermi-sea for, and N? is the degeneracy of fermions.
Jjr = jr is naturally associated with m = 1 and j;, = 0 is naturally associated with m = 2.

Even though the scaling is similar, the precise coefficients in front of the relations are
different for the Fermi sea operators and the Black holes. We are therefore still missing
some components in the operators that correspond to the black holes, but we can still ask
what are the algebraic properties of the Fermi sea by themselves, as these properties may
carry over to the full operators that correspond to the black holes.

In particular, the operators here are not primaries, and they are not precisely the same
operators discussed in [}, where an attempt to find BPS primaries was carried out. How-
ever, they are very similar to the latter in the sense that we can go to the operators of [R0]
by adding an additional insertion of the gauge field strength (and additional insertions of
scalars to go to the general case discussed there). Without this insertion, which is the case
here, the operators cannot be BPS primaries as they does not satisfy the unitarity bound
(d=2+2j,+ %ql +p+ %ng), and indeeds the operators are descendants of non-BPS
operators.

We would also like to emphasize that the results of [RJ] were limited to tree-level (with
weak coupling). The tools discussed in this work can be used to refine the calculations
there to include 1-loop contributions. In [RJ] we argued that certain operators cannot be
written as @ of something, but we did not identify which combination was primary. In
order to do so, and verify or refute the construction there using the tools in the current
paper, one still needs to solve an operator mixing problem. More generally, one could ask
a similar question on the GR side. L.e., whether the 1/16 SUSY BH are exactly SUSY, or
whether SUSY is lifted by some higher order correction, which translates to whether there
is really a large degeneracy of SUSY operators or not. Currently we believe that both
option are viable, but checking which is true requires a complicated calculation. However
we choose to postpone this investigation to future work and rather take a new direction.

Fermi-sea and Fermi liquids. The Fermi-sea operators/states are created by fermions
belonging to the su(1,1) sector of N'=4 SYM. In principle they are similar to Fermi-sea
states common in condensed matter physics, however our fermions come in an N2 — 1-fold
degeneracy, arising from the SU(N) gauge group. Another peculiarity of our Fermi-sea is
that it carries large angular momentum, and therefore states are not graded and filled only
by energy, which leads to a filling which is the isotropic, but rather the momentum shells
which are filled are confined to 1-dim ”lightcone” in momentum space (in the j; = jr
case, which will be our main focus). Despite the strange nature of the fermions we will
demonstrate that they form a normal Fermi liquid just the same way interacting fermions
do in earthly physics.

In a sense, the appearance of Fermi-sea operators in the AdS/CFT correspondence
could be expected, since they are the ground state of choice of many condensed matter
system. Let us review briefly the notion of normal Fermi liquid. The phenomenological
theory of Landau [R4]" describes the state of strongly coupled fermions at low temperature.
This theory, originally constructed for liquid 3He, was found to be a good description

'See [@] for a comprehensive review.



(generalized for charged fermions) in much more general situations ranging from electron
in metals (when not undergoing a superconductor phase transition, such as Alkali metals)
to highly dense matter in stars.

Landau [P4] considered a non-interacting gas of fermions at equilibrium. At high
temperatures 1" the distribution of particles with energy e is given by the well known Fermi-
Dirac distribution. In this regime, the kinetic term usually dominant, and any interaction
between the fermions is treated as a perturbation. As the temperature is lowered, T" — 0,
the Fermi-Dirac distribution approaches a step function at the Fermi-energy (fixed by the
chemical potential). At the same time a critical temperature appears when interactions
between the fermions become important. Fermion systems where the particle interaction
and the exclusion principle act simultaneously are often named degenerate Fermi liquids.

The degenerate Fermi liquid at 7' = 0 is described by a Fermi-sea; it’s elementary
excitations are quasiparticles and quasiholes in analogy to the non-interacting case. How-
ever the nature of the quasiparticles could be very different from the excitation of the
non-interacting system. Landau’s phenomenological model describes the energy of a the
degenerate Fermi liquid in terms of an the quasi-particle density, the effective Fermi velocity
(effective mass) and effective couplings (known as Landau’s parameters)

B =S il k|~ kr)on(k) + 5 S0 7k~ K on(Ron(K), (1.3)

k kE

with dn(k), is the density of quasi-particles, exhibiting a Fermi-Dirac distribution in equi-
librium (with zero chemical potential). In principle, the various couplings can be computed
by flowing from the UV, but, as expected, this is usually difficult in practice. However, it is
often the case that the excitation of quasi-particles near the Fermi-surface are long-lived?
allowing to treat them as stable excitation and allowing for a perturbative expansion in
T/Ey. It is quite remarkable that this simple and intuitive model, and the introduction of
the T'/Ey perturbation theory, are strong enough to describe all the observed phenomena
of 3He, and other normal Fermi liquids.

The main obstruction for the appearance of a normal Fermi liquid is a breaking of
symmetry. The most famous examples are the BCS mechanism (where a phonon-electron
interaction drives a condensation of Copper pairs) and the Wigner crystal (where the
translation symmetry breaks at low densities).

In this work we analyze the fate of the Fermi liquid operators of N' = 4 SYM in
perturbation theory. We show that

e Based on symmetries, we prove that the Fermi-sea state is an eigenvalue of the
dilatation operators to all order in perturbation theory and does not mix with any
other operator in N' =4 SYM.

e We compute its 1 and 2 loop anomalous dimension and find a non-trivial cancelation
at weak coupling leading to a much milder anomalous dimension compared to the

2Due to the interaction any quasiparticles, above the Fermi surface, can decay into two quasiparticles
closer to the Fermi surface, however the decay rate behaves as 1 / (Eqp — Ep)*



naive expectation from familiar results of spin chain states. The corrections to the
classical dimension are suppressed by one over the analogue of the Fermi energy,
suggesting that the operators can be traced from weak to strong coupling.

e Investigating quasi-particles energies near the Fermi-sea, we find that the cancelation
allows us to write a consistent Landau Fermi liquid model ([.3)) with a well defined
1/Ey expansion.

The 1/E} expansion sheds new light on the problem of 1/16 BPS operators. One route
is to continue the search for a large degeneracy of operators, which remain 1/16 BPS when
field theoretic loop correction are taken into account. However a new scenario is possible
which suggests that SUSY and the degeneracy are lifted by o’ or stringy loop corrections.

The paper is organized as follows. In section P we recap some notations and tools for
N =4 SYM . In section f we discuss the fermionic su(1,1) sector of N'= 4 and the 1-dim
Fermi-sea operators within weak coupling perturbation theory. In section ] we show that
indeed the Fermi-sea operator is a ground state of a Fermi liquid. In section [ we briefly
discuss a possible generalization of the work to a 2-dim Fermi-sea. We conclude in section [j
with some additional discussion and directions for future research.

2. Tools for N' = 4 super Yang-Mills theory

In this section we briefly recall some features of N' =4 SYM and it’s psu(2,2[4) algebra,
which we will need later on. We follow the notation of [ff] - readers familiar with this work
may skip this section.

The component of the N' = 4 multiplet are

e The gauge field strength F,5 and Fdﬂ"
e The gauginos ¥,, and 4.
e The complex scalars @4, with the antisymmetry @, = — Py, .

The undotted Greek letters (o, f,...), dotted Greek letters (c, B,...) and Latin letters
(a,b...) stands for SU(2)r, SU(2)r and SU(4) fundamental indices. Raising and lowering
the SU(4) indices changes between the fundamental and anti-fundamental representations.
The scalars belong to a 6 of SU(4) and obey the reality condition

= 1
(Bap)T := B = ieadeq)cd : (2.1)

The gauge group is G = SU(NN), and all fields transform in the adjoint representation.
When we will need to be specific about the gauge group structure we will write all fields
as W = W% with a = 1,...dimG, and t® are generators of SU(N).®> The covariant
derivative is

DaaW = (0™)ag (9, — i[A,, W) . (2.2)

3We use the same letters for gauge group and SU(4) indices, it will be clear to distinguish between them
from the context.



We use the fundamental representation for SU(N) with the following properties

N2 -1
Tritt? = 6%, ) 4t = ~ 1 (2.3)
a

We use the coupling constat g? proportional to the 't Hooft coupling

2 _ GomlV
g 82

(2.4)

The oscillator representation and spin chains. In the planar limit a useful set of
states are spin chains. These are states which are mapped to single trace local operators

| WiWs .. . Wy, ) = Tr(Wi(e)Wa(z) ... Wh(z)) . (2.5)

For spin chains all the gauge group information is encoded in the location inside the chain
(relative to other spins). This allows one to write each spin using the oscillator represen-
tation. There are three types of oscillators - left-handed bosons, right-handed bosons and
SU(4) charged fermions - which satisfy:

[aa,aH =43, [b‘j‘,bH = 5;:‘, {c“,c};} =0y . (2.6)

Using these oscillators one can build all possible spins

DFF :=(ah)**2(bh)* ()] 0)
DFW =(ah)* 1 (bh* ()] 0)
D*e:=(ah)" (bh* (cN?|0)
DR =(ah)* (b (c)?0)
DFF :=(ah)*  (bN**2(ch)!]0) (2.7)

The psu(2,2]4) algebra of the zero coupling theory is made out of bilinears of oscillators
(see appendix [A] for details). The generator of psu(2,2[4) are expected to receive quantum
correction, it is possible to choose a regularization scheme such that operator mixing occurs
only between operators with the same zero-coupling dilatation (dimension). Using these
scheme all operators can be written as a formal expansion in g

X(g) =) Xug", [P0, Xa] =dxXn, X Epsu(2,2/4). (2.8)
n=0

All these operators depend of course on N - the rank of the gauge group - but we will
suppress this dependence in the notation.

The anomalous dimension operator §® = © — D commutes with all the psu(2,2[4)
algebra. It has an expansion

0D =) 09" . (2.9)

n=2



For spin-chains in the planar limit the leading term of the anomalous dimension is given
by the "Harmonic action’

L
002 = Hpps1,  Hiz| AB) = copppnn | CD) (2.10)
k=0 C,D

where L the length of the spin chain, and k& runs over the spin location in the chain. The
two-spin operator Hj o is evaluated by considering all possible two spin states generated by
having an oscillator hop from one site to the other. The coefficient ¢y, y,5.n,, is a function
of the total number of oscillator in the two spins (conserved by Hj ), ni2 the number of
spins jumping form site 1 to 2 and ng; the number of spins jumping from site 2 to 1

(—)tHmena F(%(nﬁnm)r)rl(lir%(n_nm_nm)) nig +ngp >0
Cnmniz,no1 — ( +5n) (2.11)
h(n) ni2g =n2 =0

where h(n) are the harmonic numbers

3

h(n) :=
k=1

E e

The anomalous dimension operator and closed sectors. The planar expression can
be lifted to the full theory at finite N. Using Feynman diagrams it can be proven that the
leading term (in ¢?) in 0® has the general form

1 o -~
0Dy =5 D CEBTr: [Wa W] W, W), (2.12)
A,B,C,D

where the summation is over all partons in the theory.* The symbol W, stands for the
parton and W4 are functional derivatives with respect to the partons

. 0
whe = = =1,2...dimG . 2.13
V) = Sqps 0= 12 dim (213)
The coefficient Cég are calculated directly from the Feynman diagrams. Computing 609
on the spin chain determines it completely. Indeed, in the full theory

CAB = %(—)<C<<B+<C>< AB ‘ His ’ CD > (2.14)

where the Lh.s. is the full expression and the r.h.s. is the planar expression ((x is the
fermion number, (x = 1(0) for fermion(boson)). This is just the statement that at order
g%, all Feynman diagrams contributing to the anomalous dimension are planar. However for
higher correction there are non-planar diagrams which are not captured by the spin chains.

In general the anomalous dimension operator mixes different operators (states). How-
ever one can use a regularization scheme where the Poincaré group and R-symmetry do not

4i.e., elementary fields acted by covariant derivatives, W = {DkF, D*W,;, D*®;;, D*V*, DkF}, with

all lorentz indices symmetrized.



receive quantum corrections. In this scheme operator which have a definite charge under
SU(2)r x SU(2)1, x SU(4) x U(1)p, can mix only with operators with the same charges.
A sector of the theory is a set of states closed under mixing, i.e cannot mix with states
outside the sector, due to conservation of the above charges. An example is the s((2) sector
which is generated by a single scalar and lightcone derivatives:

W e {(13347 D, P34, (Dli)2(1)347 } . (2.15)

All states in the sector has charges (do;jr, jr; 91, P, q2; L) = (s +p; s,5;0,p,0; p). To prove
that there are no other states in the theory with these charges one uses the fact that all
parton of the theory obey dy > jr + jr. Among the partons with dy = jr + jr only
(Dyi)"®34 has ¢1 + g2 = 0. The full set of closed sector and many more details may be

found in [ff, RG]

3. The Fermi liquid ground state

The Hilbert space of zero coupling N' = 4 SYM on S? is the Fock space generated by the
mode expansion of the elementary fields on S, with the additional constraint of gauge
invariance. Applying the operator-state mapping, these states correspond to local gauge
invariant operators generated by the partons 9FF, 0% ¥;, 8k<1>ij, 0FW and 0FF. The Hamil-
tonian of the theory on S? is mapped to the dilatation operator, which in the notation
discussed before and in g = 0 is

H=D=)Y doTr : WaW*:, (3.1)
A

where dj is the classical dimension of W4. We often switch back and forth between energy
of a state and the dilatation charge of a local operator, not to be confused with the energy
in Minkowski space.

In a grand canonical ensemble the distribution functions is governed by the Gibbs
free energy, which is just the Hamiltonian shifted by chemical potentials for a set of U(1)
charges. The charges include all global internal symmetries as well as the angular momenta
on the S3

5
BF = BH = wQr, (3.2)
I=1
where [ is the inverse temperature, the u; are the chemical potentials and @ are the cor-

responding charge operators. The ground state is the state (or a set of states) minimizing
the free energy at zero temperature. We will consider twisted sector of the theory where

pur o< B (cf. 7).

The Fermi-sea operators appear in the ensemble for a specific choice of chemical po-
tentials, such that F, localizes near a %—BPS bound, i.e

~ 1 3 _
F= <©—2,5§}—2q1—10—2q2>+0(ﬁ b, (3.3)



where J }% is the right-handed angular momentum charge and (q1,p, q2) are SU(4) charges
(see appendix- [A] for the definition of these charges). For the specific choice above, all
partons operators have a non-negative contribution to the free energy. The ground state
in this sector is generated by partons which has vanishing contribution

0,

a11%sd”

8, X, X e{Vo 4, Fij, P, \Izg |i=1,2,3} . (3.4)

Turning on weak Yang-Mills coupling generates anomalous dimension and mixing be-
tween the local operators. However, since the zero coupling dilatation charge is conserved
by Feynman diagrams, the difference dg — 2j]3? — %ql —p— %qz is also conserved and oper-

ators generated from (B.4))°

can mix only within themselves (due to the integer gap when
inserting operators outside this sector). As a consequence the Hilbert space generated by
the partons of (B.4) forms a closed sector of N'= 4 SYM. The partons of this sector form
a representation of su(1,2|3) algebra, which is common to use as a name for the sector [[f].

The anomalous dimensions, or mixing, do not vanish for all operator in the sector.

Rather it is encoded in
Floua2z) = | D — 23z — S —P—5a2) = (D —Dp) =D .

An operator is a 1/16 BPS, at finite values of gyny, iff anomalous dimension vanishes
(0 = 0). Such ground states of the su(1,2|3) sector are part of semi-short multiplets
(see [RF for further discussion). Classifying all exact 1/16-BPS operators is a very inter-
esting open problem.

In the following we will treat the anomalous dimension operator 69 as the Hamiltonian.
The operator §0 will account for both weak coupling effects, i.e mixing and anomalous
dimension. The Fermi liquid appears when we study eigenstates of this Hamiltonian.

The 1-dim Fermi-sea comes about when one discusses the maximal j; representation
allowed by unitarity P], i.e., the first line in (.T). In the parton picture one finds it
by restricting the theory to the sector known as the fermionic su(1,1) sector [f7, 6). The
restriction is done by using only partons such that

. . q2
(q1,p,q2) = (0,0,q2),  jrL=jr+ 5 (3.5)

The only partons obeying this are

1

Y = )

(Dyi)" V14, (3.6)

where the normalization is chosen for convinces in later calculations. We will refer to the
number of derivatives as the level (n), and the angular momentum (to which we will loosely
refer as momentum from now on) is ((n +1)/2,n/2).

Operators with some scaling properties similar to the 1/16 BH - i.e. equation ([L.1]) - are
constructed as follows. Consider a state in this sector with charge g2 and minimal conformal
dimension. The charge dictates that we use g fermionic operators of type (B.4) and for

5Derivatives are replaced by covariant derivatives



minimal dimension it best to have as little amount of derivatives as possible. However, as
the fermions obey Pauli’s exclusion principle we can use each fermion only once (bearing
in mind that the quantum numbers of the fermions also include an adjoint gauge index).
The 1-dim Fermi-sea operator is then

K K
Otdimn = [ 0yl v := ] Jdet (vi) - (3.7)
n=0 n=0

The superscripts are the adjoint representation indices, the subscripts encode the level of
the parton and in the final equation we introduced the notation Jdet to denotes the product
of the all the fermions at the same level. Note that each Jdet is gauge invariant on its own.
In effect it is the volume form of the group. All fermionic operator are evaluated at the same
space point, correspondingly the expression can be viewed as a state in radial quantization.
The 1-dim Fermi-sea at zero coupling, large N and large K has the following charge,

dimension and angular momenta:

K dimG
(q1,p,¢2) = > > (0,0,1) = (N> = 1)(K + 1) (0,0,1) ~ (0,0,N’K),  (3.8a)
n=0 a=1
K dimG
3 (K+3)(K+1) NK?
do = - =(N?-1 ~ .8b
: ,;)a:1<2+”) (v N = (3.50)
K dimG
o n+1 n 9 K(K+1) (K+2
= — | =W?-1 1
i =30 3 (M) = o -0 R (R
N2 2 N2K2
~< R > (3.8¢)

Eliminating K from equation (B.84) and inserting it into equation (B.8d), we obtain the
scaling relation ([[.]). Note, however, that the coefficient in front of this relation (omitted
in ([[.7))) does not come out correctly, nor have we identified a large entropy ensemble of
operators.

This operator is rather unique in that it does not mix with any other operator in
perturbation theory. This is easy to see even without considering the explicit form of the
quantum corrected dilatation operator. To do so we consider the effect of weak coupling
on (B.7), and check all possible mixing. It is enough to check with which operators O%I_?h m
may have a non-vanishing correlator. Since the 1-dim Fermi-sea belongs to the fermionic
su(1,1) sector, it can only mix with operators in this sector. Due to conservation of the ¢

charge the only possibility is a momentum hoping, i.e

("'D11¢14)("'7/)14)<—>("'¢14)("'D11¢14) .

However since angular momentum is conserved, the state must be identical to the original,
or there will be two fermion with same momentum which is forbidden by Pauli’s exclusion
principle. Thus the 1-dim Fermi-sea operator is an eigenstates of §©. In the following
subsection we will examine this statement in one and two loops.

~-10 -



3.1 The ¢®> Hamiltonian

There are a few ways to derive the g> Hamiltonian - Feynman diagrams, the harmonic
action (discussed in section P) and algebraic structure. We will use the latter algebraic
method since it is easiest to extend it to the g* Hamiltonian.

The algebraic method was first introduce by Beisert [[], P6]. The first step is to address
the operation of the psu(2,2|4) on the fermionic su(1,1) sector.’ This sector is preserved
by an su(1,1) x u(1]|1) subgroup of psu(2,2]4), which acts as follows:

e The su(1,1) algebra is generated by

P9 =-L+200+00(9)  ITT@=P; I (=59, (39)

where L is the length (parton number) operator. £ commutes with the entire su(1,1)
algebra.

e The u(1|1) algebra is generated by

TH(g) = Q4 4(9), L
T (g) = &"4(g), 09(g9) =2{T*(9), T (9)} - (3.9b)

In the above expressions we made explicit use of the relation between the charges in the sec-
tor, for example g = QS%—%E = 2@%—%& Also, for these relations to work it is important
to use a regularization scheme (when computing Feynman diagrams) such that the momen-
tum (), the lorentz rotations (£, £) and R-symmetry (9R) receive no quantum correction.
While the su(1,1) algebra acts on the su(1,1) sector partons at zero coupling, the
action of the u(1|1) algebra vanishes at g°, except £. Next we write the generators as

o
X=) Xng", Xesu(l1)xu(lfl) (3.10)
n=0
2 2 _
where g2 := % is the 't Hooft coupling. The generator T+ (g) may have a g' correction,

forcing the first correction to d® being at g?. The g' terms in su(1]1) are determined
algebraically as follows: The product structure of su(1,1) x u(1|1) remains, leading to the
following commutators

3¢t 2] =0 (367, =0
3¢t %] =0 3.5 ] =0

Considering a spin chain state, the leading order representation of the algebra is

I Y ) = +2) | Py ) 3o | Yw ) =1 Yw) ) : (3.12)

SFor order g* we will need to consider the psu(1,1]|2) sector, but at the order g? we simply quote the
results already at the fermionic su(1, 1) sector.

- 11 —



From the Feynman diagrams expansion (and charges) we know that at order g' the gener-
ator T changes a single spin state to a two spin state while T~ does the opposite. Thus
the most general action for the generators consistent with the conserved charges is

n—1
m=0
{El_ ‘ w(m)w(n) > :dn;m‘ Vntm+1 > . (3.13b)

Inserting this equation and (B.12) into (B.11]) allows us to determine a,, ,, and @y, ,, up to an
overall factor (which is calculated from comparison to Feynman diagrams). One subtlety
in the calculation is that the following state is identified with zero

| Yoy )+ | Yy ) =0, (3.14)

since it is a gauge variation of another expression, and hence will vanish in all gauge
invariant expression. This identification is crucial for the existence of a non-trivial solution
for the generators. The final result is

n—1
1
m=0
_ 1 1 1
| Yoy ¥y ) =7 (n+ Tt m+1> | Yntm+1 ) (3.15b)

Here we take a different step than [, 6], and follow ideas presented in [R9] - we lift the
result to finite V. First we write spin chain states as a long trace

| X ) = Tr (- (X99) ) . (3.16)

Then the generators (B.15a)—(B.15H) can be written using matrix operators

1 & -
T =+ % D T ayd Pty (3-17a)
\/i k,q=0
_ 11 & 1 1 s
AN ) (n+1 3 m+1> T Wt Yoy Vi’ )

@E(n) is a subset of the W introduced before (up to a different normalization in (B.6])) - it

removes an operator ¢,y and satisfies {&?n), wé’m)} = 0pm 0% where a, b are adjoint indices
of the gauge group. The colon’s stands for normal ordering i.e

ha b . .7 ab __ 7,
W) Vimyt = V) P(m) — mm0™ = =Yy th(n) -

Finally, the following SU(NN) relation are useful

1
ZTrAt“TrBt“:TrAB—NTrATrB (3.18a)
a

1
> TrAt"Bt" =Tr ATr B — v T AB . (3.18D)
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We now have the tools to calculate the g2 correction to §® at finite IV -
6Dy =2{37, %} =
1 > Ok —m O(g—n
=+ N Z (Sern:kJrq ( ( ) - ( )> X

k—m m+1
m,n,k,q=0 +

X Tt 2 {1h(g), Diny } {¥(k)s Py 3+
1

(e 9]

1

TN X i {0 Py} {¥m)s P } 4
+ Z 2h(m +1) Tr :p(y1) & m+1)* (3.19)
m=0

where the © are step functions

h(n) = Z%, h(0) =0 .

k=1

This result agrees with the results of [, Rf] if we note that

Tr () Pm): = ZTI“ {¥m)> Yy } {¥n)> Pmy } 2 (3.20)

since the difference between these operators is a gauge transformation (see appendix [BJ),
and we may use (B.2(]) as an identity when acting on gauge invariant operators. Using this
property and some algebra, the dilatation operator up to order g2

= /3
©=Z<2+m>Tr:1/J(m)¢( ) +g
m=0

1 & +1)O(k - - .
+ Nm% (k(qm)(zc—i—(q mni)l)Tr Y Y Hb @) Porg-m } |+

Z 2h(m + 1) Tr :w(m)lﬁ(m) +

m=0

+0(g") . (3.21)

The dilatation operator exhibit the form expected for a Fermi liquid, the leading order in
perturbation theory correct the mass terms and add a 2-2 fermion interaction - in section [
we will discuss the analogy in more details. For now we will calculate the dilatation charge
of the Fermi-sea state. The new ingredient in the calculation is the 4-fermions coupling
term. The annihilation operators ﬁ(m) and zﬁ(k +¢—m) buncture two holes in the Fermi-sea,
thus m < K and k 4+ ¢ — m < K. Since the interaction preserves momentum, at least one
fermion creation operator must be below (or equal to) the Fermi-level, but then Pauli’s
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exclusion principle forces it to fill one of the hole created, and we find that the other
creation operator must fill the other hole. To summarize we have

T £ {4, V) } {¥i0 Pivtam } 2 | Olfin )

dim G
_ MZ:O Smq Tr [t“,tb} [t",t“} ‘ olk) > =
— _ON(N? — 1)dgem ] o) > : (3.22)

and for the dilatation operator we find

o[ ol ) =V - 1) 3

3
(2 + m> + g% 2h(m + 1)+

0
~ 2m+1) "
0 X Gt O | Ot ) =
2
S [1 tryst 0(94)] Ol ) 6B

Note that the g? correction is suppressed by 1/K compared to the leading order - this
is the main point of this section. We will see that this is also the case to order g*. We
would like to make two comments that highlight the significance of this result:

e We can compare this result to other operators which are familiar from the spin-chain
and integrability literature. For example, consider another eigenstate of ©, which is
the analog of the bosonic twist-2 operator (see [ for details)

K ()(K)!
Otwist2 := Z n('(l)((—rz)' Tr (w(n)@b(K—n))
n=0

L 20(K + 1)

D | Ogwist2 ) =(K + 3) [1+g K13

| Otwist2 ) (3.24)
Using the asymptotics h(K) ~ log K for large K, we see that the order g2 ratio of the
anomalous dimension over the classical dimension scales, for large K, as ~ (log K') /K,
whereas in our case the g2 correction is of order 1/K.

e Consider an operator in which we fill fermions states in a sparse way up to some
maximal level K. As long as the filling is sparse such an operator can be written
as a product of (B.24) operators. Since the g? anomalous dimension is a two-to-two
parton operator, the ~ (log K')/K will persist for such sparse operators. Cancelation
starts occurring as the Fermi shells become more and more filled and Fermi statistics
becomes the dominant feature in the form of the operator.

e We will see later that the cancelation of the logarithms persists to order g4, i.e., terms
of the form ~ N2?g*K(log K)? and ~ N2g*K log K do not appear in the anomalous
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dimension. The cancelation of the first set of terms, along with the cancelation of
~ N?¢?Klog K at this order, is important. Had these terms been there, it would
have suggested that the correction to the dimension is of the form ~ N2KF (9)

which can become dominant at large ¢2. In our case, the cancelation of these terms

suggests that the correction to the dimension is of the form ~ N2K F(g?) which is

parametrically smaller than the classical value of N2K? even for large g2.

3.2 The ¢* Hamiltonian

An algebraic solution for the order g* dilatation operator, based on the psu(1,1[2) sector,

was found by Zwiebel [29]. This sector is generated by the partons

1

‘ -

Y = ) (D11)" W14 Py = Ol (Dyi)" @24
A 1 n 1 n
Pin) = m (D1i) ‘If} qﬁ?n) = m (Dyi)" P34 -

Zwiebel’s solution is reviewed in appendix [J. Here we quote the final result,

094 = +2 {37, [TF, {57, [35,0] ) + 2 {55, [, {55, [, 0] ) )

with

o0 1 . 0 1 _ ~
h:= Z +§h(n +1)Tr :w(n)d}(n): + Z ih(” +1)Tr =¢(n)¢(n): +
_ n=0

+Z ~h(n ZTr 1Bl Bl ?

(3.25)

(3.26)

(3.27)

and ‘Zli and ‘if are the leading order (g') supercharges of the psu(1|1)? algebra, which

commutes with the psu(1,1]2) algebra (which can be found by a generalization of the

calculation for su(1, 1) fermionic sector)

3
T \[ Z <Tr V() Y() (k1) Z W ¢(q)} é.lﬁ_qﬂ
k,q=0 P
+1 ~ B
" (kj‘TQ) Tr: {w(k’)’ w((l)} Y(ktq+1)*

1 2
T hagrl [¢( k)’ %)} Vikr)? )

3
T \f Z <Tf WP Yiwrgrnt + Y Tre |0 [ %} Plhtq+1)’
k,q=0 =2
g+1 L ) :
T orar ey Yt Vet

1 o2 63 1 s o
+ [ Ir : [Gb(kyﬁb(q)} ¢(k+q)->
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(a) The T} vertices (b) The ¥, vertices

Figure 1: The continuous, dashed, doted lines stands for 1 (,), gbén) and 1/_1(,0 respectively. The
arrows indicate the flow of momentum. For the conjugated diagrams ¥; and ¥ the vertices
structure do not change, only the arrows changes sign. Note that these are not Feynman diagrams,
but rather they only describe the how the various terms in these operators act.

e}

_ 1 n+m+2 . -
= 2 (G i e oo
-« . 1 . .
—Tr Y ym) |:¢%n)7 ¢( )} + nil Tr 2 Y(ma1) {Tﬁ(n), w(m)} t+
3
1 ) T
tort Z; Tr 20 m1) [%)7 ¢(m)} : ) (3.28¢)

- 1 n+m+2 P
T =— ——Tr: :
L VaN m;:0<(n+1)(m+1) E P tm 1) V() Y om)t

+ Tr 115(n+m) [¢ ¢(m} t+——Tr T/’ ntm+1) {1[1 IZ(m)} i+

+

3
D T s [q[}(n), é{m)} :) . (3.284)
=2

There are two caveats in Zwiebel’s solutions (already discussed in [P9]): (1) It is not
clear that the solution is unique. In general there could exist a "homogenous” set of defor-
mations of the generators (beside the coupling redefinition and similarity transformation)
which do not effect the commutation relations. No such ”homogeneous solutions” are
known though. (2) The lift to the non-planarity is not proven to be unique. Some checks
at large N (by comparison to Feynman diagrams) of the solution for small spin chain oper-
ators are provided in [2g]. The appearance of a Yangian symmetry [B0] also supports the
solution, at least in the spin chain limit. For more recent discussion about the validity of
the solution beyond the planar limit see [BI].

The supercharges ‘Ili and ‘ff[ can be described diagrammatically as a set of vertices
(see figure [l]) - the ‘If[ split a single parton into a pair of partons and the ‘ili combine a
pair of parton into a single parton. For our purpose, it is enough to focus on the fermionic
su(1,1) sector, and examine how each operator acts on the sector.

First consider the contribution of the operators T , ‘Ef in (B.26). Since b is a 1-1
parton operator, which cannot change the parton, the combinations {‘Zl_, [‘if’, h]} and
{Z],[%7,0]} have the same structure as §D5 (the difference is in coefficients only). Since
094 acts within the fermionic su(1, 1) sector, these combinations acts within the fermionic
su(1,1) sector too. The operators T, T; and 6D also act within the fermionic su(1,1)
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&+

Figure 2: Three typical diagrams for 6®4, which keep track of how the partons change when
acting on them with the sequence of operators in (3.26). The vertices are ordered in the vertical
axis by the order the operators acts on the state. Since T, ‘if appear in the inner commutators
only, the corresponding vertices are inserted sequently, as a result they form a either a 1-1 and 2-2
fermionic operator, any none fermionic line emerging from the inner commutator will continue to
the outer legs (irrelevant for our purpose).

sector. Hence, after we calculate the inner commutators (involving ¥, ¥ and b) in
the full psu(1,1]|2) sector we can continue the calculation in the smaller su(1,1) sector.
Some sample diagrams, contributing to 0®,4, which illustrate the argument are sketched in
figure P (these are not Feynman diagrams. These diagrams only keep track of the partons
and of the ordering of how the operators act on them).

We first evaluate 694 on the su(1,1) sector, and then use the resulting expression to

evaluate it on ) Oggzn > First we take care of the inner commutators

2{%f, [27.p]} =t—® (3.29a)
2{%7,[Z].b]} =6 -7, (3.29Db)
with
— . y
U :ﬁ Z 5’m+n=k+q-’4(m,n—q—1)B[n—q—l,n] Tr: {w(k% w(m)} {w(q)>w(n)} : (3303)
k%’zb
— . .
Py =N Z Smtn=k+qAqn—q-1)Bin—g—1.2 Tt : {0y, Yim) } {1 () } : (3.30b)
krzji’o
1 ;
G =—35 D Do) T ¥y Pomy (3.30c)
m=0

where the constants are

h(a+1)+h(b+1) — h(a+b+2)
2

-A(a,b) = O(a+1)O(b+1) (3.31a)
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B . — b—a
o =@+ 1) (b +1)
c _a+b+2
@b =+ 1) (b + 1)

O(a+1)0(b + 1) (3.31b)

O(a+1)O(b+1) (3.31¢)

_ hla+1) CAh(b+1)+ha—b)—h(a+1)
P == "rD) © 9(a)bz " (3.31d)
Next we calculate the ¢ terms
— §
1, 9] WG Y Cay Tt {dw) Yig) ) dikrarn): (3.32a)
k,q=0
18] =~ 4[12N i Clra)Stka) T8 Wgerqrn) (0w g} + (3.32b)
k,q=0
1 o0
[Tf’m] :4\/§N Z V[(‘];”)v(k§m)]x
4R
< Tr 2 [{(g), ¥ b > {¥) Yom) H Ymsn—t—q-1): +
1 — :
= D Vg T {¥g), ¥y } Perginy: (3.32¢)
4\/§ k,q=0
- 1 >
[Z1.4] “IVAN? D Higm) (hm)] X
P
< Tr = [{¥g): Yy b > {80 P H Pitgm—n—1): +
1 = S
T IW2N Z Fik,g) T P (erqt1) {¢(k)v¢(q)}‘ (3.32d)
k,q=0

In the above calculation we use the following identity proved in appendix
Tr s {v), i } Pikrqrn)t =

SO RS ; )
= o 22 T {Wim) Yo Y@ Yo Dergrn] - (3:33)
m=0
and define

Hi(gn) (ksm)) = O (k + ¢ —m —n)x
x [A(m,kfmfnB[k+q—m—n—1,k—mfuC[n—q—l,n}+
= Atk+g-nn—q-1) Blirg—m—n—1k—m—1]Cln—g—1,n0) +
= Agng—n—1)Bletg-m—n—1,4-n-1]Cpm—k—1,m +
= Akt q—mm—k—1)Blk+g-m-n—-1,4-n—1] C[m—k—l,mﬂ (3.34a)

Y(gm)(km)] = O(m +n —k —q)x
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X (A(m—l—n—k,k—m—l)B[k—m—l,n] _A(m-i—n—k—q—l,k—m—l)B[k—m—l,n—q—l} +

- A(ernfq,qfnfl)B[qfnfl,m] +A(m+n7k7q71,q7n71)B[qfnfl,mfk:fl}+
— Ok —m+1)Agn—q-1)Bpn—g-1,n+

+0O(@—n+ 1)A(k,m—k—1)B[m—k—1,m}> (3.34D)
ktq

V(kq) = Z (A(gn—q-1)Bin—g—1n] + Asn—k—1)Bin—k—1,n)) (3.34c¢)
n=0
ktq

Atkg) = D (Agr-n-1Bk-n-14] + Agg-n-1Bg-n—1,41) Cli+g-n) (3.34d)
n=0

L'(k,q) :=D() + D(g) — D(k+q+1) (3.34¢)

The notations in the above are such that the brackets (a,b) indicates a symmetry
replacing the momenta between them, the square brackets [a,b] indicates antisymmetry,
and brackets with a semicolon (a;b) has no symmetry. The last stage is calculating 094,
for which we can use

0D = {Ty, [7, 6]} —{F0 [T, 0]} — {5 [T, ]} + {T0, [T 4]} - (3:35)

Summing all the contributions we find

1
0D, =+ IN2 Z I(gin), (k;m)] O1=k+q—m—n—10t=r+s+1 ¥
m,n,k.q,
7,8,t,01=0

[ o T [(9. B} 900) ({0,500} 0] £+

+ 0img T 2 [{ k), Dim) } » %] [W(r)ﬂ%(n)}ﬂﬁs] i+
= 8=t Tr = [{W (s Vi } - P10 {0 ¥} o]+
= Qom0 N Tt 2 {001y, V) } {10, 0y } 2 +

+ Gs=nr=m (N Tt () )y Py +2Tr gy : Tr e+

+ T 30 (g) Ygpys Tr =¢<z>¢<t>=> +

[e.e]

1
TNz Y Clrs)Viam). (ksm))Si=mn—k—g—18t=r+s+1%
m7n7k7q7
r,8,0,t=0

X[ Fs=q Tt = [{1)s Vr) }» Y] [{¥h)s Py } > )] £ +

+5t o T s [ Yo} s b)) {¥ws dem } v+ +
=1 T 2 [{9(g), %} s )] Ha, Py ] =+
- 5s:q6'r:lN Tr : {t(1), Yiny } {¥k)s Py } 2 +
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+ 05—qOr=k < + NTr :I/J(t)l/v)(n)lb(l)@z(m): +2Tr :TZJ(t)dVJ(n): Tr :@D(l)l/;(m): +

+ Tr :ppypy: Tr nL(mﬂL(nf) +

o0

1 ) ]
+ 5% (Ctreaéers) T Crabing ~ Fka) ~ Clia)rs) X
r,8,k,q=0

1 o -
x < = 30kta=rts Tr 2 {(e), by } {¥r) Vi) 1+
+ 0k Tr {05, Vtrss) } {¥hrgr1) Vi) } 3 F

+ 6s:k5r:qN Tr 1/) (k+q+1) 1/; (k+q+1)° > (336)

We are set to apply the dilatation operator to the Fermi-sea. The details are given in
appendix D, and here we only quote the result in the large K and large N limit

@‘O§§§;>—N2}f[1+492—4¢1+0( %) +0(g “(’)ldlm>. (3.37)

K K
This is the main result of the paper, as far as the explicit computation of the dimension is
concerned.

Before proceeding to analyze the result it is important to emphasize that the expression
in (B.37) contains contributions from non-planar diagrams which are not suppressed by
power of N compared to the planar ones. This, however, is not in contradiction to the
standard lore, since the operator has a strong N dependence as it has order N?K partons
(stronger in fact than determinants/giant gravitons [B3, B).

We can also repeat the analysis that we had before, examining which terms cancel, and
compare to the bosonic twist operator. At order g* there are K (log K)? and K log K coeffi-
cients which vanish (the significance of this was discussed after equation (B.23))). Compared
to the bosonic twist 2 operator, the latter has a leading log behavior

D Tr (P14(Dy1)°P1a) ) =

:s[lJrf( )logs

log S

+h< ) —|—O ):|’ TI‘((I)14(DH)SM14) >(338>
with f(g) = 4¢° §7r2 g*+--- (replacing the scalar in the above with a fermion will not make
a considerable change of the result). As before, the situation for the Fermi-sea is better
than the expected expansion in ¢?"(log K)". Rather, the persistence of the cancelation to
order g* suggests that the behavior at large K is

9| ol ) = N2I;2 [1 + F(;(’Z) +O(K ] Ol ) - (3.39)

The function F(g) is analogous to the famous cusp anomalous dimension calculated to
all order by Beisert, Eden and Staudacher [, B4] for the twist 2 operators. " From the work

"See also for a generalization to twist-j operators.
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of Frolov and Tseytlin [[4], we know that the anomalous dimension of a twist 2 operator
remains finite at strong coupling (¢ — o), as it is dual to a folded spinning string [[L3].
As the situation for the Fermi-sea operator seems somewhat better - in the sense that the
corrections are relatively smaller - one can hope that this class of operators continues into
to strong coupling, where they will be 1/16 BPS states, up to small corrections.

4. Quasi particles

Next, we study the quasi-particles - the small excitations above the Fermi surface - to
order g2. We will not compute all excitations of the Fermi surface by all operators in the
CFT, but rather only excitations in the fermionic su(1, 1) sector. The starting point is the
free-energy restricted to this sector

6D = g2§: 2h(k+1) Zq/)

k=0

P+DOK=P+9) e ge 0 ¢
+N Z Z D Ghmpra)itar 0 @l - iry| (41
p 0 g=—00a,b,c, d
where we made a change of the summation variables to a form more familiar in condensed
matter, the traces and commutator are written using the SU(V) structure constants. Define
the fermions density

n(k) = ( Wiy ) - (4.2)
We study the quasi-particle using a Hartree-Fock approximation®
E=(F),  {wyily ) =0"dunk) . (4.3)

Applying the Hartree-Fock approximation to ([.1]), we find that the energy in term of the
density is

o0
E:g2z

2h(k+1) ) n®(k) +

k=0
Z p,j 1p kk +_£) ab zfanb(p)n“(k)] : (4.4)
=0 a,b,e

The quasi particle energy (JF) and distribution (dn) are defined by removing the equilib-
rium energy and distribution

SE=E~E,  on(q) = viy ) - "0, (4.5)
where the equilibrium state for the 1-dim Fermi-sea is

A%(k) =1-O(k — K) . (4.6)

8See [@] for the application of a similar approximation in the microscopic study of normal Fermi liquids
in condensed matter physics.
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Applying the above to (f£4), we find the quasi particle energy in term of their distri-
bution function

K
SE = g2 [ZZ(% k+1) —zz pka kk:];)Jr

k=0 a
S (kDO —k)), ,
2,920 B D) on(k)+

Z Z ]:_ 1])) k—F_lZ;) ab ba(sn ( )5na(k)] (4.7)

k,p=0a,b,e

(where negative dn for momenta below the Fermi surface are the quasi-holes).
The quasi-particle energy should be measured relatively to the Fermi-level. We denote
the momentum above the Fermi-surface as

k=K+e.

The single quasi-particle energy (for a particle above the Fermi-sea e > 0) is

K

(p+1
€ =2¢° | h(K +e+1) - = 4.8
Q.p(e) g ( € ) pZO(K+e_p)(K+e+1) ( )
2 2
g K+2 9 €~ 1 9
=5 <K+e+1+h(e 1)>~2 [1+h(e 1) % O(K™9)| . (4.9
For completeness we also calculate the single quasi-hole energy” (i.e a particle below the
Fermi-sea) :
K—e—1
(p+1)
= 9242 —e+1)
eqnle) g [h( e+ Z K—c—p (K—e—|—1)+
K
(K—e+1) g* [ 2+e
— ~=—I1+h(e)——+0 . (4.10
FE;H@—K+@@+U L 1h(e)— 240K 72| (4.10)

Note that contributions to these energies come from both the quadratic piece and the
interaction piece in (fL.1). This is crucial as the leading log K contribution to the energy of
the quasi-particle cancels between these two contributions terms. To see this, we note that
the quadratic term in (f.1) by itself gives a contribution which is e, ,(e) =2¢*h(K +e+1) ~
g*log K.

The fact that we found a much smaller energy suggests that the same cancelation mech-
anism, found in section [j for the ground state energy, is also present for the excited states.
One might therefore hope that the quasi-particles could eventually be understood on the
gravity side as well. A caveat to the analysis that we carried out here is that we computed
only the self energy piece - i.e. the diagonal element in the Hamiltonian in this state - and
did not solve the entire mixing problem. The standard lore in Fermi liquids, however, is
that mixing is possible but that the lifetime of the quasi-particles increases as the energy
decreases. Of course, it could also be that the situation changes at higher orders of g2.

9For a quasi-hole the energy is £4.n(€) := —eq.p(—e€) with e > 0.
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5. A short discussion about 2-dim Fermi-sea

In [R4] we were interested in semi-short states, invariant under a single supersymmetry
charge (1/16-BPS). At the leading g behavior the supercharge changes a covariant deriva-
tive to fermion, this can be written as

{Qa4,%(n) } ~ Z {Ym)> Yn—14m)

When considering only the action of the Supercharge we constructed a 2-dim Fermi-sea
operator by relaxing the condition j;, = jr — g2, for example one can have j;, = 0 which
is the one that we will focus on. The construction is similar to the 1-dim case. Relaxing
the condition on the left-handed angular moment (undotted indices) the relevant fermionic
partons are

1

m( )n+1(bT)n T‘ 0)

(n+1 —1m)!(m)! (aDnHim(a;)m(bDn% 100 = @2)" %o - (5.1)

where J; is the SU(2), operator which lower the j% charge. It is important to notice that

V(njo) =

P(njm) =

all left handed angular momentum indices are symmetrized for a single fermion.!® The
level of the fermion is n and it’s angular momentum is

(~ 3. ~3)_ n+1 n+1_m.22
JL,JL 5 JRyJR) = 2 ' 9 ' 9779 .

Notice that the components of the momentum vector obey

n+1\? [n+1 2
- _ >0 .

Thus the momentum is confined to a 'forward light-cone’, which is where the ’relativistic’

nature of the Fermi-sea comes from. The j; = 0 state can be built by multiplying all
fermions with all values of j%. This is the same as multiplying all fermions with as few
derivative as possible - notice that now at each level there is a degeneracy due to different
momentum vectors. Hence the j;, = 0 operator is

K n+l K n+l
ol =T TI Jdet (¢ =11 11 Jdet( Im ¢(10)> : (5.2)
n=0m=0 n=0m=0

The energy'! of this Fermi-sea is

K 1 dimG
p _Z% i n) = (v 1>(4K2+23K+36)(K+1)
0 2 12
n=0m=0 a=1
N2K3
5.3
- (53)
0An anti symmetrization should be replaced, using the equation of motion, to a commutator of par-
tons: €*[D,j,D,i] = 2F;; and €*’D,; Vg = [}, ®;4]. We prevent this by forcing the discussed sym-

metrization
A straightforward computation gives go ~ N2K2/2 and jr ~ ]\721(3/67 corresponding to the bottom
line in (@)
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The leading order correction to the dilation operator can be calculated either by alge-
braic technics (see appendix [H) or from the Harmonic action. We find that

1 (k' m')(¢' ") ; :
0D2=—5x D Chmam T {W0m) D} {0 diam } (5.4)
k,k q,q'

Angular momentum conservation law guarantees that k+¢=k"+¢ and m+n =m/+n’
- otherwise the coefficient vanishes.

When we apply 6D2 to the 2-dim Fermi-sea (f.d), Pauli’s exclusion principle com-
bined with the conservation laws guarantees that the Fermi-sea is an eigenstate, and the
eigenvalue is

K K k+1 q+1 -
592 ) Olem > = ZZ Z ZC OZdlzn > . (55)
k=0 qg=0 m=0n=0

The only coefficient that comes into this sum is

COMEM) — 45 S () + ()] +

m)

(om) () @+ 1)
(“ (a—k)(k+1)

() nt) k41
(1 (¢+1)(k—q)

—+

—0O(@g—k)O(n—m+1)O0(¢—k—n+m+1)

—0Ok—-qO(m—-—n+1)0k—qg—m+n+1)

(T EEY (k+q+2)

P GG >0
and hence
. K T k+1
69| O, ) = (N2 =) [ZQh
k=0 L m=0
K k+1 g+1 q.|_1 k+1
k 2
£33 5 Gl S,
q=0 m=0n=0 m+n) q
ff:“%% (TR (k+q+2) 04, )=
k 2 2dim / =
g=0 m=0n=0 ntifr q+1)(k+1)
K K
(k+q+3)k+qg+2)
= —D)Y 2+ 2hk)+ D +
k=0 q=K—k (k; + 1)(q + ]‘)
K—k-1
k—i—q—i—?) (k+q+2) (K) B
—2 Z q+1) ‘O2dim>_
K+ 12 K 1
_ (Nz_l)(5 + )( + )_ (5.7)

2
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Again we see a none-trivial cancelation of leading term of order ~ N?K?log K. We also
have a large K relation which is similar to the one obtained for the 1-dim Fermi-sea

& o'E)

15 i
do 2dim > ~o—+O(K 7). (5.8)

2K

However, 6D, on these operators receives corrections at order g3, which are under
much less control than what we have discussed for the 1-dim Fermi-sea.'?> The minimal
sector containing ¥ xm,) is the su(1,2|3) sector, and hence we need to consider the full set

of partons in this sector

- 1

Zi(n|m) :W(:Gyn X [(Dy1)" Pas]
1

Flatmy =g @)™ * (D) Fua (5.9)
By conservation of the left handed angular momentum, the right handed angular mo-
mentum, the SU(4) charges and zero coupling dilatation the only processes that can mix

operators are

Dyj - Dy — Fyj

Dli...q;24_>q)4i...\pi
Dy Wy g — Dy W
Uig - Woy — Pyp - Pyo- - Pys

where this notation encodes what pairs of ’letters’ can be converted to which single, pair
or triplet of ’letters’ (at any points in the expression). All these processes expected!® to
appear at order ¢g3. The first kind of mixing will cause two fermions to loose momentum
and therefore will be annihilated by the Pauli’s exclusion principle. However all other
mixing are expected to occur and the operator (p.9) is no longer an eigenstate of §D.

It is an interesting and complicated question to calculate the §®3 terms and find an
eigenstate which is close to the initial Fermi-sea. It is even more interesting and more
complicated to do so to all orders. We hope to return to this problem in the future.

6. Discussion

We studied Fermi-sea operators in N' = 4 SYM within perturbation theory up to order g*.
We showed that up to this order, the ground state of the fermionic su(1,1) sector, and its
small excitations, behave as a Fermi liquid. The correction to the anomalous dimension of
this operator are suppressed by a large parameter K, which is analogous to the Fermi level.

12recall that this operator contains more types of ’letters’.

3See the discussion about the su(2|3) C su(1,2/3) in [ﬂ]
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Given that the first few orders of perturbation theory are parametrically small by this
new parameter, 1/K, it is natural to ask what is the fate of the Fermi liquid at strong cou-
pling. One possibility is that the structure found up to g* is destroyed allowing K (log K)™
corrections at order g2" (m < n). The second possibility is that the function F(g?) control-
ling the leading 1/K correction (defined in (B.39)) is diverging at some finite/infinite value
of g. The third and most alluring possibility is that F(g?) has a finite limit at infinitely
strong coupling.

If the latter option is true than one should be able to trace the Fermi-sea operator
to a classical state (geometry) in AdS. If the same holds true for operators related to the
1/16-BPS black holes in AdSj5, then it might also suggest that these black holes are not
supersymmetric once o’ or g, corrections are taken into account, but rather that these
corrections are suppressed at large S° angular momentum (Q ~ K).

A possible obstacle to the result are wrapping-like interaction. These appear in the
dilation operator at order where the number of partons involved is of the size of the opera-
tor. In our case wrapping interaction are suppressed by g2V 2, this order cannot be studied
in perturbation theory.

With this caveat in mind, it will be interesting to explore the following future direction:

e In a recent paper [, which appeared as the current paper was written, Zwiebel
constructs an iterative algebraic method to calculate the dilatation operator in the
psu(1,1]2) sector. Using this method it may be possible! (in principle) to extend
our calculation in the fermionic su(1, 1) to higher, and perhaps all, orders of gym.

e In condensed matter physics 1-dim Fermi-liquids are commonly described using
bosonization, the bosonized picture allows for better control over the perturbation
theory (in the coupling). It is possible to repeat the bosonization procedure in our
case - for example, one possible procedure is to define bosonic rasing/lowering oper-

ators!®

bgT— Z¢k+q¢(k b, ——721/;,“1 . (6.1)
k* 00 k* e
This procedure is powerful in condensed matter because in the bosonic picture the
action is quadratic (the bare theory has only a 4 fermion interaction). This will not
happen in our case since the higher orders in g will introduce higher order interaction
in the scalars. However there may be some insight from a bosonic description.

e Another interesting issue is to generalize the construction to the two dimensional
Fermi Surface (or small jz) - in section ] we already discussed some difficulties
associated with it. The existence of supersymmetric AdS black holes with arbitrary
jr strongly motivates the existence of such a generalization but one probably needs
more ingredients on top of the Fermi-sea discussed here [R(]. Moreover, it could also

14 Assuming the lift to finite N is unique.
15The continuation of the momentum to negative values is done formally, and should not effect the physics
near the Fermi level.
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be that the black holes are not exactly 1/16-BPS. This will make their identification
at weak coupling even more complicated, and it will probably be possible only if
they have features similar to the Fermi-seas that we discussed in this paper - i.e., the
existence of a new small parameter which might suppress corrections uniformly from
weak to strong coupling.

Using a Fermi-sea construction could potentially open the way to building a host
of approximately 1/16-BPS operators. For example, if we add the boson which
completes the sector to the su(1,1|1) sector, is easy to find additional ways to make
0Dy parametrically small in the presence of the Fermi-sea (although it is not clear
how to control these in higher orders in gym). More specifically we add the partons

1
—(D1i)" @1, (6.2)

P(n) =
the order ¢? anomalous dimension is

5D :5©gfermions)+

+ ]tn’m%() <@7(:qu) - @én_qq)> Tr 2 (S, om [ {¥a), Pimy } 2 Ontmera
+ % mm%_o W Tr 2 [da), Y(a) (D) Y] # Onem—trgt

- ;,mm%:o W T = [bw), Sm)) [P(a): ()] * Ontm—tg

_ ;; B(m) T 26y by - (6.3)

An almost 1/16-BPS operator can be built by multiplying the Fermi-sea with a

bosonic operator
m

0 =0 1 (gb?g)) . (6.4)

The operator is an eigenstate of the dilatation operator (to all orders in perturbation
theory) with anomalous dimension at order g2:

0D O ) = [(N? = 1)2(K +1) —2Mh(K +1)] | O) . (6.5)

By solving 04 = 0 we find that for a large scalar contribution

(K+1)

M = (N2—1)m

~ N?K/log K . (6.6)

Thus we can get as close to a BPS operator (since M must be an integer we cannot
have an BPS state).

In the case that the large AdS black holes of [IJ] are indeed exactly supersymmetric
(with o/ and g, corrections included) we expect a large amount (of order N2) of
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1/16-BPS semi-short multiplets. The above example demonstrates how a Fermi-sea
facilitates a cancelation of anomalous dimension (due to fermion-boson interaction).
A detailed search for 1/16-BPS operator following these idea and techniques is a
promising but challenging avenue.

e Finally, it will be interesting to explore these techniques for application to condensed
matter systems. Fermi-sea constructions are of major importance in many strongly
coupled condensed matter system, but so far they were not part of any AdS/CFT
model. If from N = 4 SYM we can learn about the description of Fermi-seas in AdSs,
we may be able to explore phenomena related to Fermi-sea in lower dimension AdSy
spaces (d = 4,3,2) as well. These in turn may be important as models for many
interesting condensed matter system (superconductors, quantum hall effect etc.)

Acknowledgments

We are grateful to O. Aharony, Z. Komargodski, D.A. Kosower, S. Minwalla, B. Pioline,
J. Simon, and K. Zarembo for valuable discussions. D.R. would like to give special thanks
for R. Ilan and A. Stern who make a special effort to teach condensed matter physics to
the barbarians.

This work was supported by the Israel-U.S. Binational Science Foundation, by a cen-
ter of excellence supported by the Israel Science Foundation (grant number 1468/06), by
a grant (DIP H52) of the German Israel Project Cooperation, by the European network
MRTNCT- 2004-512194, and by a grant from G.L.F., the German-Israeli Foundation for
Scientific Research and Development, and by the Einstein-Minerva center for theoretical
physics.

A. The psu(2,2|4) algebra and the partons of N' =4 SYM

In this appendix we review some properties of the psu(2,2|4) algebra and it’s representa-
tions. More details can be found in [fj. The generators of the psu(2,2[4) algebra are

e The compact bosonic su(2)r, x su(2)r x su(4) generators £%5 , £9. , R,

e The non-compact bosonic translation, dilatation and special conformal generators
mao} ) £Y) ) Rda'

e The supercharges Q% , D4 and super-conformal supercharges &y, Gaa
The algebra can be extended to u(2,2[4) by introducing two additional U(1) generators
(commuting with the psu(2,2[4)) - the central charge € and the hypercharge 9. Physical

states must satisfy € = 0. We use the oscillator representation to write the (zero coupling)
generators, and then all commutation relations can be derived from the commutation
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relation of the oscillators (P.6))

1 1 1 :
ot T — _gf il
£% =aza” — 55% ala’ = gaVaA’ — §b,.ybw
. 1 .
& _pine _ tsantny _ 1P THY
Sﬁ_bﬁ'b 26ﬁbﬁb D=1+ala’+bib
1 1 :
RY, :c;gc — ~8¢clce ¢=1- §aiya7 + ibjyb7 - §cicc
Q% =alc? Qéa —b:;cT
G2 =cla” G =b%c*
Bos :agbg R,;=a"b". (A.1)

In the oscillator language representations of psu(2, 2[4) are labeled by a set of weights!'6 w =
(do; jr,jRr; q1, P, q2; B, L) which are the charges of the dilatation (zero coupling), left and
right angular momenta, SU(4) weights, hypercharge, and spin-chain length. The weights
are related to the Cartan generators

a1 =R% — RN p =M% —R% q2 = Ry — Ry
1 1 1—; 15
~3 1 2 ~3 1 2
JL—§£1—§£2 63—521—522 . (A.2)

We define two combinations of Cartan generators

1 3
AL =D -2 —sqi—p—2>
1 =9 — 23] 5 p 542

.3 1
Ay =D — 23 — 201 =P =54 (A.3)

The unitarity bounds of ' = 4 SYM are A; > 0 and A; > 0. For primary operators
one should subtract ¢,, = 0,1,2 form the r.h.s. of (@), for 0,1 or 2 non-singlet angular
momentum representations. A detailed list of the weights of all partons in presented in
table 1, with all lorentz indices set to the highest-weight.

B. Gauge transformation for finite N operators

The usage of gauge transformation to generate identities between operators in the finite NV

language is explained in [[J. We start from the generator of gauge transformations!”

j=iYy_ :[We, W (B.1)
C
By plugging j into operational expression one can generate a large set of gauge identities.
One identity we use in the main text (B.20), is proved as follows
0= —iTrj: [Wa, WP}: =
:ZTr : [WC,WC] [WA,WB]}: + 2N Tr W, WP: | (B.2)
C

16\We use Fraktur font for generators and uncapitalized Latin font for weights
7C runs over all partons, i.e all fields with derivatives such that the lorentz indices are multiplied to
form the highest possible weight.
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e
v

dO (2.]L32]R) (QI’pv q2) B

(D1{)" W14 | n+3/2 | (n+1,n) | (0,0,1) 1/2
(Dyi)"®ss | n+1 (n,n) (0,1,0) 0
(Dyi)" @24 | m+1 (n,m) | (L=1,1) | 0
(D;)™¥: | n+3/2 | (n,n+1 (1,0,0) | —1/2
(D;))"Fi1 | n+2 | (n+2,n (0,0,0) 1

( )
( )
li)n\Illg n—|—3/2 (n+1,n)
( )
( )

010
010
01]0
010
0 | 2
(D (0,1,-1) | 1/2 | 0 | 2
(Dy)"W19 | n+3/2 | (n+1,n) | (1,-1,0) | 1/2 | 0 | 2
(Dy)"%¥1q | n+3/2 | (n+1,n) | (-1,0,0) | 1/2 | 2 | 2
(Dyi)"®a3 | n+1 (n,n) (1,0,—1) 0 0 | 2
(Dyj)"®14 | n+1 (n,n) (-1,0,1) 0 2 |0
(Dyj)"®13 | n+1 (n,n) (—-1,1,-1) 0 2 | 2
(Dyj)"®12 | n+1 (n,n) (0,—1,0) 0 2 | 2
(Dn)n\?f n+3/2| (n,n+1) | (=1,1,0) | =1/2| 2 | 0
(Dﬂ)n\{;? n+3/2| (n,n+1) | (0,-1,1) | =1/2] 2 | 0
(Dn)nx}f‘i* n+3/2| (n,n+1) | (0,0,-1) | =1/2| 2 | 2
(Dyi)"Fii | n+2 | (n,n+2)| (0,0,0) -2 [ 210

Table 1: List of weights for the partons in A/ = 4 SYM. The symmetries related to the weights
are defined in appendix A.

by restriction to the fermionic su(1,1) sector we find
. 1 & . .
T ) m)t =~ 557 2T+ {¥my Ym) } {¥m)s Py } £ - (B-3)
n=0

The second identity we need (B.33) is proved using

0=—iTrj: [[WA,WB},WC} P =
:ZT}? : [WD,WD} [[WA,WB},WC}: + 2N Tr Wy [WB,WC}: , (B.4)
D

restricting to the fermionic su(1,1) sector we find

Tr s { W), Vo) } Yihagrn)t =

I

1 & : §
—o 2= T {tm) Yo } [{¥@: v } s Pegin] ¢ (B-5)
m=0

C. Zwiebel’s solution for the g* dilatation operator

An algebraic solution for the order g* dilatation operator was found by Zwiebel R9]. The
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solution is based on the psu(1,1]|2) sector. The sector is generated by the partons

V) = (n—ll—l)' (D1i)" W14

Vi) = (nil), (Dyi)" 93

Blny = (i), (Dy)" P24

Sty = Gy (Du1)" @ 1)

States generated by these partons sit in representation of a psu(1,1]2) x psu(1]1)? subal-
gebra of psu(2,2|4)

e the su(1,1]2) symmetry is generated by

3(g) = — L+2D0 +0D(g) R =R3 — R
37 (9) =Pul9) I (9) =& (g)
R*(g) =R3 R (g) =R3
ot (9) = in (9) QH(Q) = Qli(g)
Q7'(9) =6"(g) Q7'(9) =6} (9) (C.2a)

where ¢ = 2,3 and Rj are generators of the SU(4) symmetry.

e The psu(1]1)? symmetry is generated by

TH(g) =D24(9) T (9) =61(y)
T(g9) =93(9) T (9) =6*(y)
5D (g) c (C.2b)
With the relation
§9(9) =2{T(9), T (9)} =2{T(9),T"(9)} . (C.3)

The algebra includes the dilatation operator, thus the sector is closed under mixing. Simi-
lar to the su(1, 1) sector we use explicit relations between charges in the psu(1,1|2) sector.
A reduction of the above to the fermionic su(1,1) is carried out by considering states that
consists only of ¥, parton.

The first step in Zwiebel’s solution is the g corrections to the psu(1]|1)? supercharges
T+ and T+, which we already discussed in the main body of the text (B:2§). Next Zwiebel
defines two new operators,

o0 1 . e 1 _ >
h:= Z §h(n + 1) Tr ’Lﬁ(n)w(n) + Z ih(n +1)Tr w(n)¢(n)
n=0 n=0
3

# 3 5h0) 3T 6l
n=0

1=2
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cm {5 (50} - {1 50} ()
Using these two operators Zwiebel shows that the g correction to the psu(1,1|2) algebra are
M =0 39 =09, Xy =+ [X5,¢] + [X5,0] (C.5)

with ¥* ¢ {3++,3__,Qii,ﬁii}. The g3 corrections to the psu(1]1)? supercharges are
Ty =+ [Tt + [T1.9] + aFF Ty =+ [T1.t] + [TF.0] + aFF . (C.6)

In the above, the parameter « is related to a coupling redefinition g — g + ag® and b to a
similarity transformation. It is possible to choose a regularization scheme such that both are
zero. Finally the g* correction to 9 is found by anti-commutator of £+ and ¥~ resulting in

0904 =2{%(9),T (9)}, =
=2{%3, T} +2{T . %5 } =
=2{Ty, [T AT (3103 +2{F0 (30 {31, [50, 0] 3] (C.7)

In the above we already removed the coupling redefinition and similarity transformation.'®

D. The anomalous dimension of the 1-dim Fermi-sea

In this appendix we evaluate (B.36]) on the 1-dim Fermi-sea state (B.7). First we take care
of the operational structures appearing the 604. The key feature is that Pauli’s exclusion
principle combined with angular momentum conservation guarantees that all creation op-
erators (1(,)) are contracted by annihilation operators (1[1(1,)) generating delta-functions in
momentum space and in the gauge group indices. The fact that the contractions are done
only after the creation operator hits the Fermi-sea state results in ©-functions limiting the

summation range. The outcomes of this feature are summarized by the following identities:

Tr () Y(m)* ’ otk > = +O(K +1—-m)(N?-1) ’ ol%) > (D.1a)

T+ {4, V) } {Yi0 P } £ | Ol ) =
= —2N(N? = 1)0gmlpnO(K +1—m)O(K +1—n) ’ o) > (D.1b)

Tr 2 (g) V()Y (k)P () ) ngifn > =O(K+1-m)O(K +1—n)x

N2 —1)?
X(N)@q&hm—%Twhm

o) > (D.1c)

1dim

Tr :1/1((1)1/;(“): Tr :w(kﬂ[}(m): ‘ Ogi?n > =O(K+1-m)O(K +1—-n)x

1
i) (| O ) (D:10)

X (N2 - ].)2 <5q_n5k:m - ]\[27_

81n general there is a redefinition of generators such that 94 +— §D4 + 2002 + [0D2, h].
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Tr 9 Yy Tt Pty ‘ Ogﬁn > =O0(K+1-m)O(K +1—n)x

X (N2 - 1) (5q:n5k=m - 6q:m6k:n)

Ol ) (D11e)

T ({8, dm }» Y] [0 9w } 0] | Ol ) =
=O(K +1-m)O(K +1-n)O(K +1—1)4N?*(N? — 1)x

X <_5m:35n=r5l:t + 6m:s(5n:t(sl:r + ;5m:t5n:7"5l:s) ‘ ngn > (le)

Combining the above result with the coefficients in (B.36) we express that g* anomalous
dimension of the Fermi-sea by a set of sums:

2 _ _
094 = (N - 1) E E [C(n,m)g(n,m) - §M(n,m) - ic(n,m)y(n,m)"i_
r=0s=K-—r

K
1
T Z <C(T,s)’/[(r;r+8+1),(8;q)] - 2C(T,S)V[(q;HsH),(S;q)}) +
q=0

K
T Z (“[(T+s+1;r)7(q;8)] - ;“[(7‘+8+1;q)7(q;8)]> ] (D-2)
q=0

Note that we did not applied any large N limit, the non-planar contributions (the
double trace part of ®,) has the same order of magnitude in N as the planar contri-
butions. We were unable to calculate the expression above analytically, instead we use a
numerical calculation. Even thou the expression is quite complicated the series is easily
found numerically

594‘ Ol ) = —(N? —1)(2K +2) ‘ o ) - (D.3)

m

We checked this result for all values of K up to K = 150, and found a perfect match.

E. The g? anomalous dimension of the 2-dim Fermi-sea

The fermions 1)y, transform in a representation of su(1,2), up to order g2 this is a closed
sector however at order g? they mix within the larger su(1,2|3) sector. We will focus on
the g2 correction to the dilatations operator allowing us to focus on the smaller symmetry.
The algebra which closes on the fermions is su(1,2) x u(1[1).

e The su(1,2) algebra

3i1(9) = 8% (9) 3 1(9) = PBi1(9)
3'4-(9) = & (9) 3 (9) = Fiz(9)
Folg) = -0 5 (81 - ) ¢, =g
=g o= % (¢ —23)  (E.la)
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e The u(1]1) algebra
L Q- (9)=90s00) Qi) =69 Dy (E.1b)
The commutation relation (inherited from the psu(2,2|4) algebra) are

(£.9:] =59 {QGF,Q’_}:%«S’D £,6D]=0 [60,24] =0 (E.1c)

The su(1,2) and u(1|1) generators commute with each other. At the leading order in g, the
generator of su(1,2) are the free theory (¢°) generators. For the u(1]1) the supercharges
are of order g! and 09 is of order g?. The operation of su(1,2) on the spin states is

gl (kym)) = kdmzo | (k—1,m—1))

J__|(kym)y=m+1)| (k+1,m+1))

Lol (kym) ) = (k—m+2)dmzo | (k,m—1))

€[ (kym) ) = (m+1) Spemirzo | (km+1)) . (E2)

For the supercharge we make the ansatz (most general form that conserves the charges)

k—1 min(g+1,m)
D/—’ (kvm) > = Z C;n;kym’ (Q7n)(k_q_17m_n) >
max(O?nf?Jrqfk)
| @)= gm—n)) = | (b 1m) ) (E3)

Next we prove that the algebra forces that

Cqnikym = 4=

up to some unknown constant a_. The key ingredient is that the u(1|1) and su(1,2) factors
must commute also in perturbation theory (non zero coupling) however the commutation
is up to a term that vanishes due to the gauge structure. We need to check that the
ansatz ([E.J) is consistent with the algebra, i.e the supercharges commutes with the gener-
ators of su(1,2) up to gauge transformations.'® Both supercharges conserves J'g and £'g
trivially. For the other generators we find

Q' &4 ]| (kym) ) =
k—1 min(g+1,m—1)
_ [5m¢0(k: MR

=0 n=
4 max(0,m+qg—k—1)

- C;n-i-l;k,m(q —n+ 1)+

— CynkmE—q—m+n+1)

x| (gn)(k—qg—1,m—-n—1)) (E.4a)

9More correctly, any operator with the correct charges that vanishes when the trace is applied to the
spin chain can appear in the commutation of the supercharges and su(1,2).
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Q- & ][ (k,m) ) =
k—1 min(g+1,m+1)

S e matn ) = gt

q=0 n=
max(0,m+q—k+1)

— Cynkm(m—n+1)

x| (g,n)k—qg—1,m—-n+1)) (E.4b)
[Q/—v‘jl—-i-} | (k,m) ) =

k min(g+1,m)
_Z Z |:(k+2_m)cz;n;k+1,m B c;—l,n;k,m(sq?ﬁo(q_n—i_l)—i_

max(0, m+q k—1)

Sgzk(k —q—m+n+1)

~ Cqnikm

x| (g;n)(k—g,m—n)) (E.4c)

k—2  min(g+1,m)

= Z |:5k—m+1750kc;n;k—1,m - C;‘!‘Ln%kam(q + 1)+
=0

[}

max(0, J:q k+1)
- c;n;k’m(k - q - 1))

<1 am)(k—g—2.m—n)) (B.4d)
[Q,*a:‘/**} | (k,m) ) =

k min(g+1,m+1)

- Z Z |:(m + 1) Conik+1,m+1 q—17n—1;k,m§‘17é0n7L
=0 maX(O m+q k)

_ c;mk’m%#k(m —n+1)

x| (g:n)(k—gm-n+1)) (E.4e)

- Z Z |:5m7é0kcq,n;k1,m1 B C;+1,n+1;k7m(q + 1)+
max(O%—i—q—k)

— c;mk,m(k —q—1)

x| (gn)k—qg—2,m—-n—1)) . (E.4f)

Demanding the the r.h.s. vanishes we find that ¢ = a_. Indeed the commutators

q,n;k,m
vanish up to gauge transformations

Q' 24| (k,m))=0 (E.5a)
Q'] (k,m))=0 (E.5b)
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9,31 (ko) ) = a- (] (0,0)(kym) ) +1 (k,m)(0,0))) (E.5c)
Q3] | (kom) ) =0 (E.5d)
(9,31 (kom) ) = brzoa (1 O, 1)(k,m) ) + | (km)(0,1)))  (E.5e)
[, 3] | (kym) ) =0 (E.51)

Note: One may start with the most general gauge transformation on the right hand side
of the commutators. Using the consistency of the algebra and the physical demand that a
single fermion (with no derivative) cannot split due to the supercharge.?’

The second supercharge has the commutation relations

Q4 &4 ]| (gn)(k—gm—n)) =
=|0nzo(q —n + 2)C¢J1r7n—1;k,mfl+
+0monzo(k—g—m+n+2)ch o+
N 6m¢o(k—m+3)czn;k,m} | (k+1,m—1)) (E.6a)
Q' & ]| (g,n)(k —gqm—n) ) =
=[dg—nt120(n + 1)c;n+1;k,m+1+
+ 5k—q7m+n+17§0(m —n+ 1)C;n;k,m+1+
— Oh—mazzo(m+1)el || (k+1,m+1) ) (E.6b)
QY 4] (gn)(k—gm—n)) =
=|(g—n+ 2)C;r+1,n;k+1,m
+(k—q—m+n+ 2)c;n;k+1,m+
— (k=m0 +3)c} | | G+ 2,m) ) (E.6c)
QY] (gn)(k—gm—n)) =
=0 n 109, _1 pih—1.m
+ Ok —gmtnt12£0(k = Q)¢ 1 mT
— Op—m220(k + 1)Czn;k7m | (k,m) ) (E.6d)
23] | @)k —gm—n) ) =
=|(n+ 1)) itk im
+(m—n+ 1)C;n;k+1,m+1+

~(m+ 1)c;n;k7m} | (k+2,m+1)) (E.6e)

Qi) | () (k—gq,m—n) ) =

20Unlike Yr|m, a single W14 without derivative is not a composite operator and there is no renormalization
that can cause a change of the supercharge from the tree-level supercharge.
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= 5n7£0qc(41;17n—1;k71,m71
+ 6m—n7$0(k; - q)czn;k—l,m—l—f_
= Stk + 1)t | | Grim =1)) . (E6D)

All the commutators above must vanish up to a gauge transformation. The unique solu-

L (k2 (THEED

tion is

= , E.7
ke T gEDH-gr D) () (D
at which the commutators take the value
[Q,Jrv £/+] | (Q7 n)(k —q,m— n) > =0 (ES&)
[Ql-i-v S/—] ‘ ((L n)(k —q,m— TZ) > =0 (Egb)
Q4,3 +] | (@n)(k—gm—n))=0 (E.8¢)
[Q/-i-v:j,-l-—] | (Q7 n)(k —q,m-— n) > = —a4 (5 o+ 6q k) ‘ (k7 m + ) > (ESd)
Q4,3 -] | (@.n)(k—gm—n))=0 (E.8e)
Q4,3 4] (@) (k—gm—n))=0. (E.8f)
Summarizing the above we find
, _ o e+g+2) (YD
k—1 min(g+1,m)
Q| (kym) ) =a- > l@n)(k—g—1m=n)) . (E.10)
=0 max(O,r;:—i-q—k)
The 1-loop spin-chain Hamiltonian (6®2) can be calculated from the commutator
0D =2{Q', 9" }. (E.11)

Acting on a two-spin state. First we calculate

g—1 min(s+1,n)
Q| (¢,n)(kym) ) =+a-y Z | (s,0(¢—s—1,n—=1)(k,m) )+
s=0

max(O n+s q)
k—1 min(s+1,m)

—a_z Z | (g,n)(s,)(k—s—1,m—=101)) . (E.12)

max(O m+s k)

In the spin chain limit ', acts only on adjacent partons, thus we find

Q/-i‘Ql— ’ (Q7n)(k7m) )= a-l—a—{
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1R gy (160
+§Z lg (s+1)(g—s) (qj;l) | (g,n)(k,m) )+

Ss=

max(0,n+s—q)

g—1 min(s+1,n) q—s\ (k+1
- (k+q—s+1) G () - -
2 X (ki) (o D amen D)

max([),’;—l—s—q)
k+q min(n+s—g,m+n) (8 n 1) (q-i—l) (s—q)

n l—n
-2 2 (@+D(s—q) (*1h

5:q+1 = l
max(n,n+m+s—1—k—q)

k—1 min(s+1,m) SH1\ [k—s
% 2 (siﬁ;;ls)(%&%;0’(%”Xh”0>}~ (E.13)
= m

maX(O,rﬁ—f—s—k)

| (5,)(k+q—s,m+n—1))+

_l’_

s=0

The factor of % comes due to symmetrization of the operator as explained in [ for the
su(1,1) case.
Acting with the commutator (E.11]) on a single spin state we find

k+q min(s+1,m+n)
Q9 | (gn)(k,m) ) =a-ar > X
= (O g s—k—g—1)
(k+a+2) (400
(q+1)(k+1) (ot

m—+n

Applying (E.13), (E.14) to (E.11)) we find (setting 2a,a_ = 1)

693 | (g, m)(k,m) ) =[hla) + h(k)] | (a,n)(k,m) ) +

1 min(s+1,n)

s, \)(k+q—s,m+n—1) ). (E.14)

q k+1)

(k+g—s+1) ()
(SN (sl

m+n—I|

+ +

s=0 =
max(0,n+s—q)

k+q min(n+s—g,m+n) 41N\ /s—
_ s+1) ()G
2. 2. RS e A

5:q+1 = l
max(n,n+m+s—1—k—q)

k+q min(s+1,m+n) (k fq+ 2) (q+1) (k:—i—l)

+3 > (q+ Dk +1) (Frer2)

s=0 m-+n

=
max(0,m+n+s—k—g—1)
x| (s,)(k+qg—s,m+n—1)) (E.15)

the lifting of the spin chain Hamiltonian to finite N is done using (P.12) and (2.14)
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